Video popularity (measured by view count) over time is an essential reference for both online video providers and users. According to state-of-the-art works, video popularity is useful for system optimization, load generation, video caching, and video recommendation. Thus, deeper understanding of video popularity evolution is very helpful for improving video service quality and providers' operating efficiency. The core question to be explored in this paper is what key factors govern online video popularity evolution? Through collaboration with our industry partner, Tencent Video, we obtain historical data of video view counts over a period of time, and observe their patterns. We then propose a stochastic fluid model, named as EvoModel, which captures two processes giving rise to different evolution patterns of a given video: (a) the information spreading process and (b) the user reaction process. The driving forces for process (a) can be either via recommendation from the system directly, or word-of-mouth; the extent of the spread is governed by the intrinsic popularity of the video. The factor affecting the second process can be modeled by a user reaction rate. These processes together determine different video popularity evolution patterns. We validate our model by fitting the historical data obtained from a real-world system. Furthermore, we discuss the feasibility of estimating model parameters and predicting popularity.
demand can be modeled, even roughly, it can be very helpful for the content provider in running its operation. As can be expected, there are large numbers of different patterns for video popularity evolution, making the task of modeling challenging.
Previously, in order to study strategies for system operations, such as content replication and request scheduling, static workload models for accessing a catalog of videos were proposed [1] , [2] . In such static models, video requests arrive and are served according to stationary stochastic processes, and each request selects a video according to a static popularity distribution. Such static models certainly serve a purpose, and provide clear insights into resource allocation and load balancing. Yet, it is also obvious to us that in a real-world system, the popularity of different videos is constantly evolving.
A large number of factors can affect video popularity evolution. For example, how is the video recommended? Depending on its type, a video can be time-sensitive to varying extents. If it is listed on the web page of the service as one of the top videos, it would tend to draw attention quickly, compared to if it were recommended via social networks. The type of video and its intrinsic quality or topic can affect the level of potential interest. Given the volume of available catalogs of (new) videos, and relatively constant attention (eyeballs), the rate of user reaction tends to be limited at any given time. The goal of this study is to arrive at models that can capture some of the most important underlying factors, and can represent the way video popularity evolves in real systems.
Several previous studies considered view count as a dynamic value, and tried to come up with empirical rules for evolution patterns by analyzing view count logs from real-world systems [3] - [8] . This approach, while it is more reality-based and relatively practical for the given systems studied, is nevertheless quite ad hoc and does not provide clear insights that can be applied to different scenarios and systems.
In our study, we go one step further by trying to develop a model, named as EvoModel, of video popularity evolution based on factors that can be explained. This is then used to match the real-world view count dynamics of different videos to ensure the model represents what is happening in reality. In particular, we try to capture in EvoModel hidden processes that are not easily measurable as the view count dynamics. Before a user decides to view a video, she has to be aware of that video's existence via some form of recommendation, whether it is via direct recommendation, user-targeted recommendation, or word-of-mouth via social networking. In other words, there is an underlying information spreading process to disseminate the information about the video and its availability before users take action to view or ignore it. Once a user becomes aware of the availability of a video, she next makes an independent decision whether to view it, based on her interest level and other factors (such as availability of other choices). We call this the user reaction process. These hidden processes then determine a given video's popularity, and how it evolves over time. These processes can be quite complicated, depending on a large number of factors. In this paper, we try to keep the model relatively simple by considering only a few factors: (a) the rate of direct recommendation, (b) the rate of word-of-mouth recommendation, (c) the video's intrinsic popularity, and (d) the users' reaction rate. We believe by considering these four factors alone, we already have quite a rich model of evolution dynamics that can match the common evolution patterns observed from our data.
The contributions of our work are summarized as follows. 1) We develop a dynamic model of online video popularity and analyze its theoretical property. The model is able to generate different popularity dynamics patterns which match the real-world observations. 2) We validate our proposed model through fitting it with a real-world dataset. The parameter distributions and correlations of the best-fit videos are further studied to reveal various patterns. Our proposed model provides a new tool to characterize popularity dynamics of the overall online video system. 3) We propose a technique, named as early fitting, to estimate the model parameters, and analyze its performance and limitations. The simple technique provides expectation of the estimation errors when fitting videos' early view count traces. 4) We analyze the different sensitivities of parameter estimation errors through numerical study. The results show that intrinsic popularity is more sensitive than the other three parameters, suggesting that accurately estimating intrinsic popularity is important in practical systems. In the rest of the paper we proceed as follows. First, several video popularity evolution patterns are presented as motivation in Section II. Then, we present our model of the underlying hidden processes we mentioned above, and derive closed-form solutions in Section III. The model and its solutions allow us to plot the evolution patterns depending on the key parameters of the model. We validate the proposed EvoModel by fitting the data of real-world video popularity evolution in Section IV. The parameter estimation is presented in Section V. The related works are discussed in Section VI and we conclude in Section VII.
II. OBSERVED POPULARITY PATTERNS
Over the past few years, researchers have studied video popularity and revealed various patterns of the overall systems. For example, video popularity distribution tends to follow a power-law with an exponential cut-off [3] , and videos' dynamic popularity is correlated with their age and the correlations are different for different types of videos [5] .
In this study, we focus on analyzing individual video popularity evolution. We define a video's popularity evolution as its daily view count trace. The daily view count refers to the number of views received on that day but not the cumulative view count. To understand different evolution patterns in practical Fig. 1 . Each video's view count trace starts from its own birthday, the day it is made available online. Each video's view count is normalized by its own maximum view count. systems, we first conduct a case study using a dataset 1 obtained from our collaborator, Tencent Video, one of the largest online video service providers in China. Due to limited space, we focus on the four most important video types: Movie, TV, News and MV. For each type, we pick two sample videos and plot their daily normalized view counts in Fig. 1 .
The solid curves in Fig. 1 are traces of videos that reached their peak popularity immediately after their release. These videos were all advertised on the front page (confirmed by our collaborator). This indicates that direct recommendation may cause popularity to peak very quickly. On the other hand, the dashed curves are traces of videos which reached their peak after some delay. This suggests that information about the video was distributed by other methods and, therefore, took longer to reach all users.
From Fig. 1 , we can also observe different patterns in the increase and decrease of popularity. The solid curves of Movie and TV samples experienced relatively slow popularity decay, while the solid curves of News and MV samples experienced fast decay. For dashed curves, the popularity of Movie and News samples increased slowly at first and then experienced fast growth until it peaked, while the TV and MV samples experienced slow growth (with fluctuation) during the observed period.
Different growth and decay patterns of popularity may also be affected by the way video information is propagated. If direct recommendation has a significant effect, then video popularity is likely to experience fast growth and fast decay, since most of the population will be aware of the video within a short time and, after that, there will be no new viewers. On the other hand, if word-of-mouth recommendation drives the propagation, video popularity will experience slow growth as it is only initially propagated by a few users. After some time, the popularity total number of users X t at time t, the set of users who know and would watch video j x(t) the number of users in X t Y t at time t, the set of users who know but refuse to watch video j y (t) the number of users in Y t S t at time t, the set of users who do not know video j s(t) the number of users in S t Z t at time t, the set of users who know video j but do not react yet z (t) the number of users in Z t W t the set of users who have viewed video j on or before time t. w (t) the number of users in W t α rate of direct recommendation β rate of word-of-mouth recommendation q video's intrinsic popularity γ users' reaction rate starts to experience fast growth, such as shown by the dashed curves of Movie and News in Fig. 1 , since more and more users help propagate the information.
The observations above motivate us to propose a fluid model that generates different popularity evolution patterns. Such a model can not only help explain the observed patterns, but can also be leveraged to predict video popularity in practical systems.
III. EVOLUTION MODEL
Popularity evolution is affected by many factors and it is too complicated to include all of them. In this paper, we model the four most important factors: the rate of direct recommendation, the rate of word-of-mouth recommendation, the video's intrinsic popularity and the users' reaction rate.
Different from all previous models about video lifetime and user behavior [3] - [8] , we use two processes to describe popularity evolution. The first process depicts the spread of information about a video and the second process is the reaction process after a user knows the video. We believe that these twoprocesses capture what goes on in the real world.
A. Assumptions and Notation
In our analysis, we make the following assumptions to simplify the problem.
1) The total user population is fixed. In practice, user population in a content provider is dynamic in long term. However, for a short period, e.g., several months, we can approximately use the fixed total user population. 2) Videos are independent, i.e., users independently select videos. This allows EvoModel to consider a single video's popularity dynamics at a time. In reality, videos are not independent, e.g., episodes of a particular TV are correlated. This restriction will be addressed in our future work. 3) Videos are not replayed by the same users. In practice, users may replay a good video. However, a previous study showed that the overall replay probability is very low [5] . Without loss of generality, we let j be the video that Evo-Model is considering. The symbols used to describe the evolution model are listed in Table I. Basically speaking, there are two types of symbols. The first type of symbols denote various subsets of user population, classified based on their knowledge or action. The second type of symbols denote the parameters associated with each video, determined by both intrinsic and extrinsic factors. These parameters must be greater than 0. For example, γ, the reaction rate that users in Z t view video j, must be greater than 0. γ may depend on many factors such as the video's type, duration and video content.
The proposed EvoModel is a fluid model which divides the fixed user population into several sets and models how users move between these sets. User movements are driven by the rate parameters α, β and γ in information spreading and user reaction processes. The rate parameters model how fast the users leave a set, and the parameter q models how the users choose the destination set.
The EvoModel aims at capturing the hidden processes that are not easily observed in practice. In real life, there are many factors that can drive a user's behavior and these factors are likely to be different for different users. It is hard to derive meaningful theoretical property if one were to precisely model each user's behavior. Instead, EvoModel tries to model the overall user behaviors by considering a few critical factors and simplifying the hidden processes. The model parameters can neither be directly measured nor precisely computed in practice because they are abstract parameters in an idealized scenario described by the EvoModel. However, they can be estimated through model fitting with practical data and may be predicted through machine learning algorithms such as logistic regressions, decision trees and support vector machines.
B. Model of Information Spreading
The first process is the spread of information about the video. Direct recommendation and word-of-mouth recommendation are two main methods of distributing a video's information. This process can be modeled through the following ordinary differential equations (ODEs):
x(t) is the number of users who know video j and have interest in viewing video j sooner or later; while s(t) is the number of users who do not know video j. Through direct recommendation, users in S t get the knowledge of video j with constant rate α. In the fluid model, it is assumed that the network is unstructured for word-of-mouth recommendation. In fact, the social network structure plays an important role when considering wordof-mouth recommendation. The model will be more accurate if a reasonable structured social network is used. However, there are multiple networks to propagate video information simultaneously via word-of-mouth, e.g., users can tell their friends a favored video through Facebook, Twitter, Wechat and even offline social networks. Thus, it is very challenging to use a reasonable structured network in this model. Instead, we approximately assume that any pair of users can communicate. Each user recommends the video to a random number of βN users among the population. The probability that a recommendation reaches a user who doesn't know the video is s(t) N , making the average successful recommendations as βN × s(t) N = βs(t). Therefore given that x(t) users are recommending, users leave S t with rate
= βx(t). The parameter q, the intrinsic popularity of video j, determines the final subset of users who will view video j. The initial conditions are x(0) = 0, y(0) = 0 and s(0) = N . Given the fixed total user population, we have
By substituting (4) to (1)-(3), we can get
Here g(t) = α β qN e (α +β qN )t . The detailed derivation is in the appendix.
Lemma 1: As time t approaches infinity, x(t) approaches qN from below, y(t) approaches (1 − q)N from below and s(t) approaches 0 from above.
The proof is straightforward since each user in S t either joins X t with probability q or joins Y t with probability 1 − q. As a result, s(t) keeps decreasing and approaches 0.
Let τ = α + βqN , by differentiating g(t), we have
Since, only the users in X t will watch the video sooner or later, we focus on analyzing the evolution of x(t) and x (t). Based on differentiations of g(t) together with (5), we get get two roots
It is trivial to show that t 2 < t < t 1 . Now, we discuss the evolution of x(t) and x (t) in two cases. 1) Case I: α > βqN: . The detailed proof is in the appendix. In Fig. 3 (b), we plot the curves of x (t) for the case α > βqN.
2) Case II: α < βqN:
is a "S" curve. It increases as a convex function from t = 0 to t = t and increases as a concave function since t > t .
The proof is straightforward.
increases as a concave function. The curve of x(t) in this case is illustrated with the dashed line in Fig. 2 .
From Propositions 1 and 3, we can find that direct recommendation and word-of-mouth recommendation have different impact on the spread of video information. If direct recommendation dominates information spread, i.e., α > βqN, x(t) is a concave curve and dx(t) dt is a monotonically decreasing curve, otherwise x(t) is a "S" curve and the curve of dx(t) dt is an inverted "V".
Proposition 4: If α < βqN, x (t) is a monotonically increasing function in [0, t ] and a monotonically decreasing The detailed proof is in the appendix. Fig. 3 (a) illustrates the curves of x (t) for the case α < βqN.
Corollary 1: x (t) has a unique maximum point, achieving
Intuitively speaking, α as the direct recommendation rate and β as the word-of-mouth recommendation rate have different impacts on x (t). If α dominates information spreading, x (0) is the maximum value; otherwise x (t ) is the maximum value. x (t) will significantly affect the view count evolution. We conjecture that if α dominates, the view count evolution ends fast; otherwise the view count evolution lasts a long period.
Let t p denote the time when x (t) reaches its peak value. The peak time of x (t) will significantly affect the peak time of a video's view count. t p is determined by both the direct recommendation rate and the word-of-mouth recommendation rate. We investigate how the two recommendation rates affect t p .
Since t = 1 α +β qN ln β qN α is the root of x (t) = 0, by differentiating t with α and β, we have From Proposition 2, if α > βqN, x (t) is a monotonic decreasing function with time t, implying t p = 0. Thus
Proposition 5: By fixing β, the peak time of x (t) is t p = 0 when α ≥ βqN ; t p = t > 0 decreases as α increases when 0 < α < βqN. Fig. 4 shows how t p changes as α increases given different β. Increasing α drives the peak to appear early after a video's release. qN is fixed to be 500 000.
Similarly, we can analyze how β affects peak time t p . Again, if α > βqN, t p = 0, and we have
Let r(≈ 0.28) denote the root of ln x + x + 1 = 0, and we have the following proposition. Proposition 6: By fixing α, the peak time of x (t) is t p = 0 when α ≥ βqN . When α qN < β ≤ α rqN , t p = t > 0 increases as β increases; when β > α rqN , t p decreases as β increases. The proof is also straightforward. The intuition is that the moderate word-of-mouth recommendation rate may delay the occurrence of the peak, while a high rate will again drive the peak to appear early. Fig. 5 shows how t p changes as β increases.
C. Model of User Reaction
The second process depicts how users react after they know video j. γ is the rate to watch video j by those users in X t who have not viewed video j yet. The second process can be captured by the following two ODEs:
Z t contains those users in X t who have not yet viewed video j by time t. z(t) increases with rate dx(t) dt and decreases with rate γz(t). w(t) is the number of users who have viewed video j up to time t. dw (t) dt is the number of views of video j at time t and can be used to calculate video popularity at time t.
By solving (10), we have
The derivation of (12) is straightforward following the standard solution to first order linear ODE. With (12), we can numerically solve z(t) and dw (t) dt . It is quite difficult to get the closedform solution of z(t) from (12), but we can still prove a useful proposition.
Proposition 7:
The curve of dw (t) dt has a unique global maximum. It occurs no earlier than the time when x (t) achieves its maximum.
The detailed proof is in the appendix. Intuitively speaking, the peak of video views occurs after the x (t) reaches its peak.
Conjecture 1: The peak of dw (t) dt is affected by γ. With larger γ, i.e., faster users' reaction, the peak time of dw (t) dt is closer to the peak time of x (t).
Without a closed-form solution of z(t) or dw (t) dt , it is difficult to prove this conjecture rigorously. We explain and justify this conjecture through plotting numerical solutions.
Proposition 8: As γ approaches infinity, dx(t) dt = dw (t) dt . The detailed proof is in the appendix. Larger γ implies that users' reaction is faster when they know the video. In the extreme case as γ approaches infinity, all users play the video once they know the video. In this case, the curve of dw (t) dt is almost the same as the one of x (t). with different γ. In Fig. 3 (c) and (d), we set γ = 10, a high value. As we can observe, the evolutions of dw (t) dt are almost the same as those of dx(t) dt in Fig. 3(a) and (b). In Fig. 3(e ) and (f), we set γ = 0.001 to get different evolutions of dw (t) dt . Compared with Fig. 3(c) and (d) , for smaller γ the peaks of dw (t) dt are postponed.
IV. MODEL VALIDATION
To validate the EvoModel proposed in the last section, we fit it with real data traces obtained from Tencent Video. After that, we study the parameter characteristics by discussing the parameter distributions and correlations.
A. Dataset
Our dataset contains all viewing records within a six-month period starting from December 1, 2013 to May 31, 2014. For this study, we extract the following information for each video: type, birthday (the day it is made available online) and daily view counts.
Some videos in our dataset are of less interest, and are removed for the following reasons. First, we remove videos whose birthdays are earlier than December 1, 2013 because we must obtain view count traces starting from videos' birthdays. Second, we remove videos whose age is less than two months (60 days) since we would like to observe a reasonably long period for each video. Third, we are interested in relatively popular videos. Hence, we remove those videos whose total view counts are less than 1000 during the observed period. Finally, we focus on the four most important video types: Movie, TV, News and MV. The number of videos and best-fit videos (with small fitting error) of each type in the dataset is given in the second column and third column of Table II , respectively. The view count for the set of best-fit videos is more than 90% of the view count for all videos.
Note that our dataset only contains view count information for each video. To find out the model parameters using our dataset in this study, we have to rely on model fitting. In this section we fit the EvoModel to each video's view count dynamic curve. The parameters derived from the best-fit trajectories are then considered effectively as the factors that drive the hidden information spreading and user reaction processes. In the next section, we further investigate whether the model parameters can be estimated "online" using a video's access information in the first few days only.
B. Model Fitting
For each video, we obtain its daily view count trace starting from its birthday up to May 31, 2014. We fit our model to the real-world view count for each video by picking the best value for α, β, q and γ. We choose N = 3 × 10 8 as the total population in model fitting, because it is approximately the number of monthly active users in Tencent Video.
We use normalized mean squared error (NMSE) as the metric to measure fitting error. In other words, our fitting algorithm tries to search parameters that minimize NMSE, which is defined as
wherev t and v t are the tth day's view count in EvoModel and in the real trace, respectively. NMSE is the mean squared error (MSE) normalized by the square of the real trace's average view count, and is suitable for comparing cases with different total view counts. Note that in this study the videos with NMSE ≤ 1 are classified as best-fit videos.
For performance comparison, we use the equation (at + b)e −ct as the benchmark model . This benchmark model includes exponential equations as special cases when a = 0. Exponential equations are often used to model decaying trends. In addition, the benchmark model allows a delayed peak which matches our observations. We also use the fitting algorithm to find parameters for the benchmark model. The fitting results by using the two models are presented in Fig. 6(a)-(d) .
We can see that our EvoModel outperforms the benchmark model for all the four video types. For Movie, approximately 70% of cases achieve NMSE ≤ 1 in EvoModel, compared to approximately 60% in the benchmark. For TV videos, both EvoModel and exponential models can fit well but EvoModel performs slightly better with smaller average NMSE. For News and MV videos, approximately 65% and 88% of cases achieve NMSE ≤ 1 in EvoModel, respectively.
Next, we show two cases in Fig. 6 (e)-(f) to visualize how our model matches the real trace. The first case can be fit well with NMSE ≤ 1. For the second case, the solid curve is the best fitting curve found, though the fitting result is not very good due to the multiple peaks. Actually, the popularity evolution of most videos that cannot be fitted very well has multiple peaks. Fortunately, these videos are cold videos with low view count, and the impact is small by excluding them.
C. Parameter Distribution
With the fitted parameters, i.e., α, β, q and γ, we are interested in the distributions of these parameters for each video type. By comparing the parameter distributions, it is more intuitive to observe and compare the evolutions of popularity for each type. It is a theoretical tool that enables us to characterize the differences of popularity evolution between different video types.
We only study the parameter distributions of best-fit videos, defined by NMSE ≤ 1. Since EvoModel outperforms Exponential and Quadratic, we plot the parameter distributions using the EvoModel results. The cumulative distribution function (CDF) curves of each parameter are shown in Fig. 7 (a)-(d). For the distribution of γ, there is a large fraction of videos with γ > 10. According to Proposition 8, with large γ, we have dx(t) dt = dw (t) dt . By fitting with real traces, we found that as γ > 10, the user reaction process can be ignored due to users' quick reaction. Thus, the range of γ is between 0 and 10.
We discuss the insights obtained from the parameter distributions as follows. For News, on average the parameters α and β are greater than the other video types, implying the information spreading process is faster for News. This is also consistent with our intuition that News are updated very quickly, and video providers will remove them once they are out of date because users mainly focus on the latest news. Users would like to share short clips with their friends, resulting in larger β for News and MV. The distributions of γ are somewhat counter intuitive. The fraction of videos with γ < 10 is greater for News and MV, implying a slower user reaction rate. Intuitively, the user reaction rate should be higher for short videos. However, the fraction of unpopular videos with small intrinsic popularity value q for News and MV is much more than TV and Movie, as we can see from Fig. 7(d) . User reaction rates of unpopular videos are much lower than popular videos. 2 Fig. 7(d) shows that the fraction of popular TV and Movie videos is much greater than News and MV. This result is counter intuitive since it may be expected that News would be a very popular video type. However, most News videos are cold except for a small fraction of breaking news. In addition, the population of News videos in an online video system is typically much greater, which results in an overall less popular video type for News. In contrast, the population of Movie and TV is much less due to expensive production cost. Thus, a similar amount of eyeballs is distributed in less number of videos for TV and Movie, which makes them popular video types. 
D. Parameter Correlation
So far, the parameter distributions cannot fully explain how the popularity of a video changes with time. For example, for news videos, we find that they have both the largest α and β. Does it mean that the information of a popular news will be propagated extensively both by direct recommendation and word-ofmouth recommendation? Intuitively speaking, users seldom recommend a very popular and well known video to their friends. Thus, we further investigate the parameter correlations in this section to answer the following two questions. Is a particular video's information propagated by either direct recommendation or word-of-mouth recommendation or both? Is the user reaction rate always higher for more popular videos?
For each video, there are four parameters: α, β, q and γ. Instead of plotting each video as a point in the four dimensions of space, we study the correlations between two pairs of parameters, i.e., α versus β and q versus γ. The former correlation reflects how video information is promoted to users; while the latter reflects the relationship between the user reaction rate and the video's intrinsic popularity.
The correlations between α and β are plotted in Fig. 7 (e)-(h), while the correlations of γ and q are plotted in Fig. 7 (i)-(l). Here, each point represents a single video. In Fig. 7 (e)-(f), almost all points are close to either x axis or y axis, implying that for most videos either direction recommendation or word-of-mouth recommendation is the main way for information propagation rather than both. In Fig. 7 (i)-(l), the intrinsic popularity for those videos with γ < 10 is very low, indicating that users will view their favored popular videos immediately once they are recommended.
V. PARAMETER ESTIMATION
Based on previous discussions, one can obtain a video's Evo-Model parameters, α, β, γ and q, through curve fitting after the video's information propagation process and user reaction process are complete. However, it is a challenge to estimate these parameters with high accuracy before a video's release or at its early age. In this section, we try to estimate the parameters at a video's early age through fitting its early view count trace. Although early fitting inevitably leads to inaccurate parameter estimation, it helps understand to what extent a simple technique, which merely relies on view count information, can perform when estimating parameters and predicting popularity. In addition, we further investigate the impact of parameter estimation errors through numerical study.
A. Parameter Estimation Through Early Fitting
The fitting algorithm introduced in the last section is a general algorithm that can be run with incomplete view count traces. Given total T days, we call the set of parameters obtained through fitting the T days' view count as real parameters, denoted by α, β, γ and q. For any T < T , we call the set of parameters obtained through fitting the first T days' view count as estimated parameters, denoted byα T ,β T ,γ T andq T . Note that for our dataset, T = 60 and T < 60.
We evaluate a video's parameter estimation error by Bounded Relative Error defined as BRE = min( α T −α α , 1). The reason of using BRE in this study is that the absolute relative error α T −α α is always less than 100% if the parameter is under-estimated, but can be unbounded if the parameter is over-estimated. BRE is suitable for evaluating estimation error especially for extremely small parameter because one may easily over-estimated it by many times. Furthermore, unbounded absolute relative errors may encourage an algorithm to underestimate the parameter. 3 We normalize a video's early age T by its own life span to study how BRE changes over the normalized age. In this study, a video life span L is defined as the first day when the cumulative view count is over 95% of the T days' cumulative view count. In other words, using the notation in Section III, we have w(L) ≥ 0.95 · w(T ) but w(L − 1) < 0.95 · w(T ). The average life spans of Movie, TV, News, and MV are 50, 47, 16 and 36, respectively.
For a video j, we obtained its estimated parameters through early fitting for T ≤ L j , and calculate their BREs as functions of the normalized time T L j . Next, we calculate the mean BRE of each bin of normalized time for each parameter. Fig. 8(a)-(d) show how the mean BREs with the 95% confidence interval of the four video types decrease over the normalized age. The normalized age bins are 10%, 15%, 20%, ... ,100%, and each bin b contains the cases whose normalized age satisfies b − 1 < T L ≤ b. Fig. 8(a)-(d) indicate the different effectiveness of early fitting for different parameters and different video types. Generally speaking, movies achieve the greatest BRE, followed by TV episodes. From the perspective of parameters, α and β are generally more difficult to estimate. However, the early fitting technique indicates that given approximately 60% -65% of videos' age, we can achieve the average BRE of below 50% for the four parameters and the four types.
For α, Fig. 8(a) shows that movies can achieve BRE < 50% at the age of 0.65 and TVs achieve it at the age of 0.25. News achieves mean BRE < 20% and MVs < 40% at the age of 0.2, indicating that estimating α for News and MVs is feasible at an early age. For the parameter β, Fig. 8(b) shows a similar pattern as the one for α, but all the types achieve slightly greater mean BREs. For γ, Fig. 8(c) indicates that all the types experience small estimation errors as the mean BREs are less than 25%. For TV, News and MV, after the age of 0.4 the mean BREs become less than 10%. Finally for the parameter q, we can see from Fig. 8(d) that the pattern is similar to the ones of α and β, but all the types achieve smaller mean BREs.
The above results suggest that the simple early fitting technique can perform well in estimating parameters for News and MVs at videos' early age. For TV and Movie, the early fitting can serve as a first step to estimate the parameters. Fig. 8(a)-(d) provide an expectation of the estimation errors when fitting videos' view count at different age. Moreover, the early fitting technique can also serve as a benchmark for performance comparison.
One may wonder if there exists any simple relationship between BRE and each single parameter, or the four parameters together, or any combination of the four parameters. After visualizing the scatter plots (not shown because of less interest) of BRE against each single parameter, we cannot detect any simple pattern. For the combination involving more than one parameter, the visualization is difficult and does not reveal any simple pattern either. Although there is no simple relationship between BRE and the real parameters, one can still apply machine learning models such as logistic regression and decision trees to capture potentially complicated relationships.
Note that in practice the content provider can directly estimate the model parameters by an evidence gathering method. For α, the content provider can count the number of expositions v of a video on each day and estimate α = v/N , where N is the user population. For β, the content provider can track several popular online social networks to obtain the average number s of the shared users and estimate β = s/N . Estimating γ is equivalent to estimating the elapsed time between knowing a video's existence and viewing it, which can be computed through subtracting the time when the user views the video by the time when the video is exposed to her. For q, the content provider can collect the view count w and estimate q = w/v where v is the video's exposition number used in estimating α. The evidence gathering method can be combined with early fitting technique to reduce estimation error, which will be investigated in our future work.
Next, we investigate how the inaccurate parameter estimation leads to inaccurate estimation of videos' popularity dynamics. For each video, with its estimated parametersα T , β T ,γ T andq T , we produce an estimated dynamic curve w T (t), t = 1, 2, 3, ..., 60 and calculate the NMSE with the real trace. Recall that the NMSE is used to measure the gap between the real view count trace and the theoretical view count trace. It is expected that the NMSE will be large if the parameters are inaccurate. To evaluate the prediction performance, we define the mean error using the data until day Similar to the study of parameter estimation, we normalize videos' age by their life spans and group cases with 5% normalized age bins. Fig. 8(e) shows that the ME nm se of TV, News and MV decrease quickly as the normalized age increases. Specifically, ME nm se decrease to 0.1 approximately at the age of 0.4 for TV and MV, and are below 0.2 after the age of 0.2 for News. 4 This indicates the feasibility of predicting future popularity at early age for these three video types. The ME nm se of Movie decreases slowly, which suggests that inaccurate parameter estimation has a significant impact on prediction performance for Movie rather than the other video types.
B. Impact of Parameter Estimation Error
The high parameter estimation errors do not necessarily lead to high curve estimation error. In this subsection, we further investigate how the parameter estimation errors impact the curve estimation error.
Again, we use NMSE to evaluate the curve estimation error calculated with the curve produced by estimated parameters α , β , γ q , and the curve produced by the real parameters α, β, γ, q. The NMSE is a function of these eight parameters and one may want to find out the partial derivatives to study their theoretical property. However, since it is hard to get the closedform solution of w (t), it is also hard to get the closed-form solutions of these partial derivatives. Therefore, we turn to a numerical study and investigate how the estimation errors of different parameters impact the NMSE. Fig. 8 (f)-(i) show how the NMSE increases as the estimation error of each parameter increases. In each sub figure, we vary the estimated parameter under study from a range of relative errors from −50% to 50% while maintaining the other three estimated parameters equal to the real parameters. In other words, we only investigate how a single parameter estimation error impacts the NMSE while assuming the other three parameters are estimated correctly.
In Fig. 8(f) , we fix β, γ and q while choosing different α values to study the impact for different dynamic patterns discussed in Section III. We can see that when the real parameter α is small, the NMSE is also small given the same relative estimated error. This is due to the fact that the information propagation process is dominated by word-of-mouth recommendation when α is small and, thus, the inaccurate estimation of α has little impact. When α becomes large, the propagation is dominated by direct recommendation. Hence, even a small estimated error in this scenario may significantly impact the curve estimation. In Fig. 8(f) , we can also see that under-estimation results in greater NMSE than over-estimation, indicating that practical estimation algorithms should try to avoid under-estimation. Fig. 8(g) shows the relationship between NMSE and the estimated error of β. In this case, we fix α, γ and q while also choosing different β to correspond to different dynamic patterns. Similarly, when the information propagation process is dominated by word-of-mouth recommendation, inaccurate estimation of β results in large curve estimation error. Fig. 8 (g) also indicates that under-and over-estimation have similar impact on the curve estimation error.
For γ, we only study the case when γ < 10, as in these scenarios γ is small enough such that the user reaction process cannot be ignored. Fig. 8(h) shows how the NMSE changes with the inaccurate estimation of γ under two different dynamic patterns. We can see that when the information propagation is dominated by direct recommendation (α > (2 + √ 3)βqN ), inaccurate estimation of γ has a significantly greater impact than the cases where the propagation is dominated by word-of-mouth recommendation. In addition, with the other three parameters equal, NMSE is more sensitive to estimation error for smaller γ because the user reaction process significantly impacts the popularity dynamics when γ is small. Finally, In Fig. 8(i) shows the impact of inaccurate estimation of q. Note that the parameter settings in Fig. 8 (i) are the same as in Fig. 8(f) , but we vary the estimated error for q instead of α. Firstly, we observe that inaccurate estimation of q leads to a relatively large curve estimation error compared to Fig. 8(f) . Secondly, when the information propagation is dominated by direct recommendation, inaccurate estimation of q has a significant impact. Finally, under-and over-estimation of q result in similar impact, suggesting that practical algorithms should not be biased when estimating q. Inaccurate estimation of q not only harms the estimation of dynamic curve, but also harms the prediction of final popularity. Fig. 8(i) suggests that q is a sensitive parameter in the sense of estimation error, and thus estimating q with high accuracy is important in practice.
Although the above numerical study only investigates the impact of a single parameter error, it provides important insights into the sensitivity of EvoModel to the four model parameters.
More study of how the four inaccurate parameter estimations jointly impact the curve estimation errors will be covered in our future work.
VI. RELATED WORK
Epidemic models were originally used to study the spreading of disease [9] . Subsequently they have been broadly used to analyze information diffusion in complex networks, e.g., [10] . Researchers have proposed several different epidemic models to study information spreading in online social networks over the past few years. For example, [11] proposed a linear influence model, which did not require the knowledge of the underlying social network and [12] used a branching process model to study the message spreading in a microblog service. In [13] , Jiang et al. studied how information propagates in a social network with limited user attention. Inspired by these works, it is appropriate to apply the epidemic model to study the spreading of video information.
There are a number of previous works that studied video popularity and popularity evolution based on measurement. For example, Cha et al. [3] studied the popularity distribution and evolution for UGC content by collecting data traces from two large UGC video systems. Li et al. [4] measured user behavior in the PPTV mobile video platform and developed a practical CDN replication scheme accordingly. In [8] , Figueiredo et al. characterized the growth patterns of Youtube video popularity. Lai and Wang [14] showed that external links of video sharing sites can significantly affect video popularity and its dynamics. Some works also leverage the measurement of popularity dynamics to study more realistic schemes. For example, Chen et al. [6] incorporated the video popularity decaying effect into the P2P replication scheme in order to improve delivery performance. [5] proposed a mixed strategy of CDN content caching by taking age-sensitive and popularity-stable videos into account. Traverso et al. [15] defined a more realistic request model by considering the temporal locality of video popularity. However, the drawback of these works is the lack of a model to analyze the forces driving the video popularity evolution. Some existing works tried to develop dynamic video popularity models and match the models with real world data. In [16] , Avramova et al. proposed a closed-form expression of a video's popularity evolution which can be degenerated into either an exponential decay or power-law function. However, this model cannot explain the cases with peaks appearing with some delay. Borghol et al. [17] developed a methodology that can generate weekly views for each video in a collection of newly-uploaded videos. This simulation methodology is based on the statistics of previously uploaded videos. In [7] , Li et al. studied the video sharing process in online social networks and proposed a popularity dynamics model driven by user sharing behavior. However, the direct recommendation process is not covered.
Some existing works tried to predict video popularity. For example, Ahmed et al. [18] proposed a prediction scheme based on classifying video popularity patterns into different clusters. Pinto et al. [19] presented a model to predict a video's future popularity based on its historical information. In [20] , Roy et al. proposed a novel transfer learning framework to predict sudden popularity bursts by leveraging the knowledge from social streams. However, these works have had little success in achieving precise popularity prediction. We believe that EvoModel is helpful for improving the prediction precision when combined with these existing models.
Large-scale video delivery over the Internet has attracted attention in both industry and academia during the past few years. Many system strategies have been proposed, analyzed and evaluated in previous works. For example, by assuming stationary video popularity, [1] and [2] simplified the performance analysis of P2P VoD systems. Tu et al. [21] studied an efficient data scheduling scheme for P2P IPTV system for storage-limited devices. In [22] , Tan and Massoulie studied content replication schemes in a P2P system consisting of ordinary user devices and set-top boxes. Wang et al. [23] proposed a P2P scheme for social network based video service. Niu et al. [24] studied a cloud bandwidth auto-scaling scheme to minimize bandwidth cost. However, all these works adopted over-simplified popularity evolution models. Our popularity evolution model can be used to build a traffic load generator which can help improve existing schemes.
VII. CONCLUSION
In this paper, we analyze video popularity and how it changes over time by creating a fluid model to capture the likely factors driving online video popularity dynamics. Besides the video's intrinsic attractiveness (interest level), we believe that the way in which the video is recommended (made known) to the viewers, and the viewers reaction rate will together play a major role. We validate our model by fitting the data of real-world video popularity evolution and give examples where EvoModel could be applied. In summary, our work has made the following contributions. 1) The EvoModel is much more advanced than previous simple popularity models and will be helpful for optimizing system performance. 2) We analyze parameter distributions and parameter correlations, which will be useful for characterizing video popularity patterns and generating system load to test system performance.
3) The EvoModel helps to better understand video popularity evolution and explains how external factors drive video popularity. 4) We introduce a technique to estimate EvoModel parameters at videos' early ages and investigate the impact of parameter estimation errors. Finally, our future work will investigate how to extend the EvoModel to involve more factors driving video popularity and how to apply EvoModel to predict video popularity.
APPENDIX
Derivation of (5)- (7) : For simplicity, in derivation we let x, y, s represent x(t), y(t), s(t), respectively. Since dy dx = 1 −, we have y = 1 −x. Together with x + y + s = N , we have s = N − x q . By substituting it back to (1) we have Finally, by letting x(0) = 0 we obtain C = 1 α +β qN ln α β qN and g(t) = α β qN e (α +β qN )t . Since dy dx = 1 −and s = N − x q , we can derive y(t) and s(t) correspondingly.
Proof of Proposition 2: If α > βqN, g(t) = α β qN e (α +β qN )t > 1 with t ≥ 0. Thus, x (t) is always less than 0 with t > 0, x (t) is a monotonically decreasing function with time t.
If βqN < α < (2 + √ 3)βqN , we have t 1 > 0 and t 2 < 0. In [0, t 1 ], x (3) ≤ 0 and x < 0, thus x (t) decreases as a concave function. In [t 1 , +∞), x (3) ≥ 0 and x < 0, x (t) decreases as a convex function.
If α > (2 + √ 3)βqN , we have t 1 < 0 and t 2 < 0. Thus, x (3) ≥ 0 with t > 0. x (t) decreases as a convex function.
Proof of Proposition 4: If α < βqN, t > 0. In [0, t ] x (t) > 0; while in [t , +∞) x (t) < 0. Thus, x (t) is monotonically increasing in [0, t ] and monotonically decreasing in [t , +∞).
If α < (2 − √ 3)βqN , we have 0 < t 2 < t < t 1 . In [0, t 2 ), x (3) > 0 and x > 0, x (t) increases as a convex function. In (t 2 , t ), x (3) < 0 and x > 0, x (t) increases as a concave function. In (t , t 1 ), x (3) < 0 and x < 0, x (t) decreases as a concave function. In (t 1 , +∞), x (3) > 0 and x < 0, x (t) decreases as a convex function.
If (2 − √ 3)βqN < α < βqN , we have t 2 < 0 < t < t 1 . In (0, t ), x (3) < 0 and x > 0, x (t) increases as a concave function. In (t , t 1 ), x (3) < 0 and x < 0, x (t) decreases as a concave function. In (t 1 , +∞), x (3) > 0 and x < 0, x (t) decreases as a convex function.
Proof of Proposition 7: We first show z(t) has a local maximum. It is not difficult to show that z(t) and z (t) are continuous. Since z(0) = 0 and z(t) must grow in the beginning, z (0) > 0. On the other hand, it is easily seen that z(t) cannot keep growing and thus there exists a t 1 such that z (t 1 ) < 0. Thus there exists a 0 < t 0 < t 1 such that z (t 0 ) = 0 and z(t 0 ) is a local maximum.
Next we show that z(t) has no local minimum when t > t 0 . Suppose there exists a t 2 > t 0 such that z(t 2 ) is a local minimum and z (t 2 ) = 0. Since z (t) is continuous, there exists a > 0 such that z (t) < 0 for t ∈ (t 2 − , t 2 ) and z (t) > 0 for t ∈ (t 2 , t 2 + ). Furthermore, since z(t) is continuous there exist δ 1 < δ 2 < such that z(t 3 ) < z(t 4 ), where t 3 ∈ (t 2 − δ 1 , t 2 ) and t 4 = t 2 + δ 2 . Note z (t 3 ) < 0 and z (t 4 ) > 0. But z (t 3 ) = −γz(t 3 ) + x (t 3 ) > −γz(t 4 ) + x (t 4 ) = z (t 4 ) > 0, which leads to a contradiction. The first inequality follows from x (t 3 ) > x (t 4 ). In fact, from Proposition 2 once x (t) starts to decrease it keeps decreasing. Since x (t 0 ) = z (t 0 ) − γz (t 0 ) = z (t 0 ) < 0 (z (t) is continuous around t 0 ), x (t) is monotonically decreasing for t > t 0 and thus x (t 3 ) > x (t 4 ).
With the above argument, it is not difficult to further show that z(t) is strictly increasing in [0, t 0 ], and strictly decreasing in [t 0 , ∞). Therefore, z(t) has a unique global maximum achieved at t = t 0 . Since x (t) is decreasing when t ≥ t 0 , t 0 must be not less than the peak time of x (t).
In summary, z(t) has a unique global maximum appearing no earlier than the time when x (t) achieves its maximum. Since 
